We suggest a new game-theory-based ranking method for wines, in which the Shapley Value of each wine is computed, and wines are ranked according to their Shapley Values. Judges should find it simpler to use, since they are not required to rank order or grade all the wines, but merely to choose the group of those that they find meritorious. Our ranking method is based on the set of reasonable axioms that determine the Shapley Value as the unique solution of an underlying cooperative game. Unlike in the general case, where computing the Shapley Value could be complex, here the Shapley Value and hence the final ranking, are straightforward to compute.
Shapley R

Introduction
The common method for ranking n wines evaluated by m judges is the following.
Each judge has to rate the n wines. The points are then aggregated and the outcome results in a unique ordering (though there may be ties). In the famous 1976 Paris wine tasting, 1 11 judges had to taste 10 wines and give marks between 0 and 20 to each wine. The marks were then simply added, and a ranking is computed on the basis of the average marks.
There are two problems in ranking on the basis of marks. First, some judges are generous, and give high marks; some are less so and give low ones. In the Paris wine tasting, the most generous judge had an average mark of 13.8, while the strictest averaged only 9.2. Secondly, the range of marks used by judges can vary dramatically. In the Paris tasting, one judge graded between 2 and 17, while another chose the range 8 to 14. As noted by Ashenfelter and Quandt (1999) , this "may give greater weight to judges who put a great deal of scatter in their numerical scores and thus express strong preferences by numerical differences." 2 And indeed, the aggregate ranking based on the judges' ranks is different from the one based on their scores.
This had already been suggested by Borda (1781) .
To show, however, that this method may not be satisfying either, consider the following example of 3 wines A, B and C, and 60 judges. 3 23 rank A first, B second, and C third; 2 rank B first, A second, and C third; 17 rank B first, C second, and A third; 10 rank C first, A second, and B third; finally 8 rank C first, B second, and A third. Counting the ranks for each wine, adding them and then averaging, turns out to rank B first, A second and C third. Consider now pairs of candidate wines: A wins against B by 33 (=23+10) to 27 (=2+17+8); B wins against C by 42 to 18. Obviously, if A wins against B and B against C, it should be true that A is the winner. But C wins against A by 35 to 25, so C wins against A. This is an example of the Condorcet Paradox and non-transitive aggregate preferences, and there is in reality no (so-called Condorcet) winner. 4 It represents a special case of Arrow's Impossibility Theorem (Arrow, 1953) We suggest a variant of approval voting in which, if a judge votes for a sub group of size k, 0 ≤ k ≤ n of the n candidate wines, then each of them gets a fraction 1/k of one vote (a judge who chooses k = 0, does not vote). These fractions of votes are then added as above, and a ranking is computed. Though both procedures look simpler than ranking, since they only require to choose or not to choose a wine as "meritorious," they do not escape Arrow's impossibility theorem. However, the method that we suggest asks each judge for a partial ordering over the wines' space, while the method used in the Paris tasting requires from each judge a complete ordering over that space. In our case, this leads to a unique ranking (possibly with ties) that satisfies the conditions (axioms) imposed by Shapley (1953) to obtain the so-called Shapley Value, which measures the "power," "influence," or "weight" of each candidate.
The method is based on Zang (2003, 2004) who suggested employing the Shapley Value in the sharing of the income generated by a museums pass
program. The theoretical model, suggested in Ginsburgh and Zang (2003) , applies to the problem presented here, and the two problems are analytically identical. In Zang (2003, 2004 ) the players in the game are the participating museums. Here they are the competing wines. In both cases, the special structure of the problem yields a very simple procedure for calculating the Shapley Values.
The paper is organized as follows. Section 2 develops the concept of Shapley Value that leads to a ranking of wines, and shows how these values should be computed.
Section 3 is devoted to the examples of the 1976 Paris wine contest, and the 2012
Princeton Judgement. Section 4 concludes
Shapley Ranking
We assume that each judge is allowed to vote once, and that she can vote for any sub group of the n wines. By voting for such a group, she indicates that she favors any wine belonging to this group over wines that are excluded from the group, and that, as far as she is concerned, every wine chosen is a candidate for the first place or a medal, while non-chosen wines are not. Note that a group can consist of a single wine, or of all the n wines, or it can be empty (no vote). Judges vote simultaneously so that none of them is aware of another's choice, and no judge can vote twice for the same wine.
We now turn to how scores are calculated. In approval voting, one point is assigned to each wine belonging to the group chosen by a judge, and the sum over all judges of points collected by each wine is computed. The winner is the wine that collects the largest number of points, but all other wines are ranked as well.
The problem here is that a judge who chooses to vote for a large group of wines is exercising more political or strategic influence than the one who chooses to vote for one wine only. The solution is to let each judge have one vote to cast (1 unit), with no option to overspend or leverage on this amount. Hence, when she votes for a group of wines, each group member receives a fraction of her single unit of voting, and these fractions should sum up to 1. This is fractional voting as described, among others, by Nambiar (2012) .
A special case of fractional voting is to divide each judge's single unit of voting equally among the members of the group that she chooses. Like in the previous case, these shares are added wine by wine and an overall ranking is computed. The argument for equal sharing of votes is that the judge votes for a group of wines without expressing preferences over the members of the group. It turns out that the total "amount of votes" (hereafter AVs), associated to each wine, is its Shapley Value in a related cooperative game. 6 As a byproduct, we have described verbally how easy these Shapley Values are to calculate.
A vote cast by a judge includes a group of wines she prefers. Some of the competing wines are likely to be recognized of better quality, hence chosen more often by judges, and accumulating larger AVs. Groups of wines containing a wine of an extreme high quality are likely to be chosen more often. In a similar way, groups containing substitute wines are likely to be penalized, while those containing unique complements are likely to be valued by judges and compensated through their overall ranking. 6 See Ginsburgh and Zang (2003) . 7 Sharing rules based on game theory are designed to achieve a fair allocation of costs and revenues. The theory of cooperative games (see for example Osborne and Rubinstein, 1994 for a survey) provides some extremely helpful mechanisms such as the Shapley value (Shapley, 1953) , Aumann-Shapley prices (Mirman and Tauman, 1982) , the core (Gillies, 1953) or the nucleolus (Schmeidler, 1969) , to measure the contribution of each participant in the scheme and to share the pie accordingly. See Mirman, Tauman and Zang (1985) for an extensive survey. This theory focuses on "the way in which the players bargain together over the division of the available [revenue], rather than the way this [revenue] can be attained by the use of certain strategies." (Aumann, 1976) . 8 Consider for example a particular wine, say A, and consider the total AV obtained from the judges who chose a certain group, say W = {B,C,D}. Suppose that this number is 10. Consider now the total AVs that were used by those judges who voted for the expanded group {A,B,C,D} (that is, the group W plus wine A). Suppose that this number is 11.50. The difference between the two is 1.50. We then say that wine A contributes an AV of 1.50 to the subgroup W = {B,C,D} of wines. If 1.50 is the AV contribution of wine A to each subgroup of wines (that excludes wine A), then the symmetry property says that its overall AV has to be 1.50. Applying these four properties as requirements leads to the unique value system known as the Shapley value (Shapley, 1953) , where the AV of each wine is its Shapley Value. The Shapley Value allocation is, in general, very difficult to compute once the number of candidates (here wines) becomes large. It turns out, however, that for this particular structured application, the computation is straightforward, 10 and boils down to the following very simple and intuitive procedure:
The members of a group of wines selected by a judge equally share her endowment of one unit of voting.
The AV of each wine is the sum of its AVs over all judges
The wines are ranked by their AVs -the higher, the better.
The AV of each wine is its Shapley Value in the related cooperative game.
It should be pointed out that the Shapley allocation also satisfies the following additional intuitive property:
Marginality. If an additional judge participates to the contest, then only the AVs corresponding to the group of wines chosen by the additional judge will change, and each wine will receive an equal share of the single unit of voting brought in by her.
The calculations needed to implement the Shapley allocation are now illustrated using the renowned Judgment of Paris as well as its 2012 remake in Princeton.
Two examples: The Paris and the Princeton Judgments
In 1976 We now analyze the contest for red wines (Table 1) , and compare the final rankings using several methods:
(a) Average marks; this was the method used to compute the official ranking of the contest;
(b) Ranking the wines on the basis of marks for each judge, adding the ranks, and computing ranks based on this sum, as suggested by Borda (1781) , and later by Ashenfelter and Quandt (1999) ; (c) Rankings obtained by simulating Shapley rankings.
Before turning to the results, some remarks are needed to explain how we ran the simulations to compute Shapley rankings. Indeed, since the voting procedure of the original contest was not organized on the basis of approval ranking, we do not observe for which wines judges would have voted had they not been forced to rank all ten wines. We therefore had to simulate the number of wines chosen, but, obviously, taking into account the marks that each judge had actually given.
11 Meursault Charmes Roulot, 1973 , Beaune Clos des Mouches Drouhin, 1973 , Puligny Montrachet Leflaive, 1972 et Batard-Montrachet Ramonet-Prudhon, 1973 for white wines, and Châteaux HautBrion, 1970 , Mouton-Rothschild, 1970 , Leoville Las Cases, 1971 , and Montrose, 1970 for red wines. 12 For additional details, see Taber (2005) .
In all experiments we first generate for each judge the size of the group (number of wines) she would have recommended, and then assign to this group the top wines from her list. In the first experiment, we ran three simulations assuming that each judge would have chosen a unique wine, or two wines, or three wines.
In the second experiment, we picked the number of wines chosen by each judge at random. The numbers were generated from a Gaussian distribution with mean 3 and standard deviation of 1. Non-integer numbers were rounded to the closest integer. We ran five such simulations, each time with a newly generated set of random numbers.
In both cases, there is a problem with ties that appear quite frequently, as can be seen from Table 1 . Judge Brejoux gives the same marks to wines A and H (14), and to wines C and G (12). Judge Kahn gives identical marks to wines B, C, D and F (12).
When there are ties and the tied wines have to be chosen among the one, two or three wines, we introduced all the wines that were tied. This usually results in forcing us to choose more than one, two or three wines. Take for example the case of judge De
Villaine, in the case in which we decide to simulate approval voting with two wines.
He gives a mark of 16 to wine C, and 15 to wines A and D. This leads us to accept all three wines as being "approved," while there should only be two.
In the third experiment, we start, for each judge, with the highest grade and then go down, until we reach a gap of two points. Those wines that are rated before the gap occurs are selected. Consider Judge Brejoux in the Paris tasting. He gave 17 to wine D, 16 to wine B, and then there is a gap of two points, since the wine that comes next is A with a grade of 14. So we assume he would have chosen only wines B and D. We run this procedure for each judge, and add for each wine the shared votes.
The results expressed in terms of aggregate rankings obtained using the various methods appear in Table 2 . It is difficult to determine which method is preferable on the basis of our simulations. It is however remarkable that wines A, B, C, D and E belong to the group of better wines (with the exception of random simulation 4) whatever the ranking method used. However, the approach that we suggest seems to be better founded than others as it is based on widely used game theory principles, employing Shapley's (1953) axioms and the Shapley Value directly in the voting.
Additional results using Condorcet's approach are considered in Appendix 1. 14 Results of the tasting for red wines are given in Table 3 , and computations identical to those performed for the Judgment of Paris can be found in Table 4 . They lead to similar observations as those made for the Paris tasting, except that the simulations are less stable. The reason seems to be that there are numerous ties in the rankings made by the judges, and the fact that often we are led to include more wines than those that are prescribed by our two first selection methods. Given that each unit of vote of a judge has to be shared equally between the wines, this leads to more fractioning compared to the Paris contest.
Conclusions
The Shapley method is based on a set of reasonable axioms. It is also simpler to use, as judges do not have to rate or rank all the wines they evaluate. It can hardly lead to strategic voting, such as choosing only one wine that one knows and give it the full one vote to enhance its final rank, since the tasting is blind. Finally, it gives results 13 It may be worth mentioning that though this second judgment was organized by economists, it tried to stick as closely as possible to the 1976 Paris Judgment, both in the choice of French wines, though from a more recent vintage, and in the choice of the nine members of the jury, all wine connoisseurs: three wine journalists, two restaurant owners, one wine producer and three economists. 14 For details, see http://en.wikipedia.org/wiki/Judgment_of_Princeton, which also refers to all the statistical results computed by Richard Quandt. that are quite close to those obtained by the usual ranking methods. Hence, we believe that it should be used more often. In each row of the table, one finds the number of judges who give a higher (or lower) rank to any other wine than the one in the row. For instance. in row A. column B. the number 6.5 shows that there are 6.5 judges who prefer A to B. etc. This number is computed as follows from the numbers in Table 1 : 5 judges prefer A to B, 3 judges prefer B to A, and 3 judges are indifferent.
Half of these "indifferent" votes are added to A preferred to B, the other half is added to B preferred to A. Therefore A is preferred to B by 5+1.5 = 6.5 judges and B is preferred to A by 3+1.5 = 4.5 judges.
Wine C (Château Montrose) is clearly the (unique) Condorcet winner, since it is preferred by at least half of the judges to any other wine in all pair-wise comparisons. Wine I (Mayacamas Vineyards) is the (unique) Condorcet loser since all other 9 wines are preferred to I by a majority of judges.
One possible Condorcet ranking (based on the majority rule) is the following (by X > Y, we mean that wine X has more than 5.5 votes (a majority) when compared to Y; X = Y means that both X and Y have 5.5 votes):
A > B = D > E = C > G > F > J > H > I.
But, there may exist many are other rankings that satisfy the majority rule. However, one can also find Condorcet cycles such as A > B = D > E = C > A.
